Scalar condensation, the well-established Higgs phenomenon, is the standard paradigm for building up renormalizable gauge-invariant theories of massive gauge bosons. Within a minimal renormalizable model, we show that as well as scalars, fermions may also condense at the 1-loop quantum level to form a new ground state of the theory. We derive the conditions under which perturbation field theory is valid, and show that the vacuum energy density is gauge independent on account of the Nielsen identity. Fermion condensates can give rise to a phenomenology that is rather distinct with respect to the conventional scenario. In particular, Higgs bosons may decay into strictly massless fermions, and the gauge-to-Higgs-boson mass ratio and the trilinear and quartic Higgs self-couplings may modify dramatically. Finally, it is argued that the observed light neutrinos could, in principle, constitute a significant fraction of the Standard Model vacuum.
Introduction
Scalar condensation, the so-called Higgs phenomenon [1] , remains until now the standard paradigm for building up renormalizable gauge-invariant theories of massive gauge bosons. According to this paradigm, the gauge symmetry is spontaneously broken by the vacuum expectation value (VEV) of a scalar, also known as the Higgs boson. An earlier and alternative approach to the Higgs mechanism was the one that was put forward by Nambu and Jona-Lasinio (NJL) [2] . Based on an analogy with superconductivity, NJL presented a model where the gauge symmetry is broken dynamically by a non-vanishing VEV of a fermion-anti-fermion condensate. In 1979, Dimopoulos and Susskind [3] revived the idea of NJL, within the context of technicolour theories. In these theories, the Standard Model (SM) Higgs boson is not an elementary particle, but rather a bound state of strongly interacting fermion-anti-fermion degrees of freedom. Almost one decade later, in 1990, Bardeen, Hill and Lindner (BHL) [4] reshaped this idea within the SM and suggested that the Higgs boson may be a composite particle made up by a pair of top-anti-top quarks. One serious shortcoming of the NJL-type of models is that they become non-renormalizable and occasionally non-perturbative by the presence of local four-fermion operators. Moreover, all NJL-type models tacitly assume the existence of an unspecified strong dynamics that makes the fermions condense.
Despite the undisputed success of the Higgs mechanism in the model-building of renormalizable theories, one may still ask the following simple questions. Does the ground state resulting from spontaneous symmetry breaking (SSB) always represent the lowest energy state about which perturbation field theory can be successfully formulated? Why only scalars and not fermions or gauge bosons do play a role in the Higgs mechanism for the SM vacuum?
Our interest in this paper is to address the above questions within a minimal U(1) renormalizable model. After extending the Coleman-Weinberg (CW) effective potential approach [5] to include background fermions, we find that fermion bilinears can acquire a Lorentz-invariant VEV at the 1-loop level, without recourse to the existence of any new strong dynamics. The resulting ground state turns out to be almost degenerate to the usual Higgs vacuum, for negative values of the Higgs potential mass parameter m 2 . The model can become perturbatively renormalizable, if a certain hierarchy among the coupling parameters is realized. Because of its possible perturbative formulation, the model is also free from the so-called Fierz ambiguity, haunting most of the NJL-type scenarios [6] . Moreover, the model has distinct phenomenological features from the one, in which fermion condensates are absent. Most strikingly, a Higgs scalar can now decay into a pair of strictly massless fermions, and the gauge-to-Higgs-boson mass ratio and the trilinear and quadrilinear Higgs self-couplings may modify drastically. Finally, although we shall not address the gauge independence of the resulting S-matrix theory, we can, however, prove non-perturbatively that by virtue of the Nielsen identity [7] the minimum of the effective potential, i.e. the vacuum energy density, is gauge independent.
The paper exhibits the following organization: in Section 2 we calculate the effective potential, including background fermions, for the Abelian Higgs model. We then derive the conditions for the stability of the vacuum and for the validity of perturbation theory. In Section 3, we present a non-perturbative proof of the gauge independence of the vacuum energy density based on the Nielsen identities. In Section 4, we discuss the effect of fermion condensates on the phenomenology of the model. Finally, Section 5 summarizes our conclusions.
Effective Potential of the Abelian Higgs Model
Let us first consider a simple ungauged Higgs model with a complex scalar Φ and a Weyl fermion ψ. The gauged version of this model is discussed later. The Lagrangian describing the ungauged model is given by
where h is assumed to be real without loss of generality andσ µ = (1 2 , −σ), with σ 1,2,3
being the usual Pauli matrices. Moreover, ψ α andψα are the 2-component Weyl fermion and its complex dual, respectively, with α,α = 1, 2, according to the Van der Waerden notation. The Lagrangian (2.1) has a global U(1) symmetry, since it is invariant under the field transformations: Φ → e 2iθ Φ and ψ → e −iθ ψ. For the specific choice of parameters, m = 0 and h 2 = λ, the model becomes identical to the Wess-Zumino (WZ) model [8] with
, where Φ is a chiral superfield.
In the presence of constant background scalar and fermion fields, Φ and ψ, the 1-loop effective potential can be calculated diagrammatically. Specifically, the effective potential terms that involve only the background field Φ can be computed following the standard CW approach [5] , by resumming an infinite series of Φ insertions. For the fermion fields, however, one must notice that the series of external fermion insertions terminates very quickly at order ψ 2ψ2 , because of the Grassmann nature of the background fermions, where
Hence, we only need to calculate the Feynman graphs shown in Fig. 1 , in the presence of a non-vanishing scalar field Φ. Putting everything together, the complete 1-loop effective potential of the model may be expressed as a sum of three terms:
where V (0) is the tree-level piece,
3)
is the standard CW effective potential result [5] , calculated in dimensional reduction with minimal subtraction (DR) [9] ,
is a new ψ-dependent effective potential term, which is calculated from the diagrams shown in Fig. 1 and is given by 5) where the loop functions I(a, b) and L(a, b) are given by
In the limit a → b, the loop functions simplify to: I(a, a) = −1/(3a) and L(a, a) = −1/(5a 2 ). Note that the complete 1-loop effective potential V eff is invariant under the global U(1) symmetry. Moreover, it is easy to establish that in the WZ limit of the theory, with m 2 = 0 and h 2 = λ, V It is now important to derive the vacuum stability conditions related to this model. Requiring that the effective potential be convex for large field values both in Φ and ψ 
where v = Φ is the VEV of the complex Higgs scalar Φ, which is linearly decomposed as
If m 2 > 0, the minimum occurs at v = 0, whereas for m 2 < 0, the true minimum is for the non-zero VEV v 2 = −2m 2 /λ, for which the U(1) symmetry gets spontaneously broken. In both cases, the Weyl fermions ψ andψ should have vanishing VEVs. Of course, a non-zero ψ α would have immediately signalled violation of the Lorentz symmetry. However, in general, there is no field-theoretic constraint from preventing the fermion bilinears ψ 2 andψ 2 to acquire non-zero VEVs, whilst ψ α = 0 and ψα = 0, thereby avoiding violation of the Lorentz invariance. This possibility is exactly that we wish to investigate in more detail below at the 1-loop quantum level.
To simplify matters, let us consider the WZ limit of the model, i.e. λ = h 2 , softly broken by the 2-dimensional operator m 2 Φ * Φ. Moreover, we assume that
An assumption that needs be checked a posteriori. To leading order in an expansion of |m 2 |/(λv 2 ), the effective potential (2.2) takes on the simple form:
where we ignored V
Φ with respect to the tree-level contribution. Notice that the coefficient of the potential term ψ 2ψ2 is positive, thus satisfying the convexity condition: V
ψ > 0. As done before in (2.8) and (2.9), we calculate the tadpole conditions from the approximate 1-loop effective potential (2.10). These are given by
where ψ 2 = ψ 2 * = w 3 are the VEVs of the fermion bilinear ψ 2 and its complex conjugateψ 2 . Now, in addition to the usual solution ψ α = 0, w = 0 and v 2 = −2m 2 /λ, there is another one, where ψ α = 0 and
For a physical positive Higgs-boson mass, one should have v 2 > 0. In order that the solutions (2.13) be valid in the approximation |m 2 | ≪ h 2 v 2 assumed above, the Yukawa coupling h needs to be in the range: 2
The minimum of the Higgs potential at the new vacuum is
If m 2 < 0, the minimum (2.14) is identical (up to higher order terms in m 2 /λv 2 ) to the result obtained for the usual Higgs vacuum, where fermion condensates are absent. Unfortunately, the high values of the Yukawa coupling h render the theory non-perturbative and the above results can only be viewed as indicative as to what the possible role of fermion condensates could be for the ground state of the theory. We have checked that this non-perturbative feature of our model with fermion condensates is rather generic and persists for different values of h, λ and m 2 .
The situation changes drastically, however, in a gauged version of the above model. For definiteness, let us consider an Abelian Higgs model governed by the Lagrangian 15) where D µ = ∂ µ + ie Q A µ is the covariant derivative and F µν is the U(1) Q field-strength tensor. As it stands, the model described by (2.15) is anomalous. The chiral anomaly can easily be avoided by adding another Weyl fermion with opposite U(1) Q quantum number to the model. Specifically, one may assume that ψ is an SO(2) vector with components ψ = (ψ 1 , ψ 2 ), such that Q(ψ 1 ) = −Q(ψ 2 ) = −1. However, such an extension is not going to affect our results, as long as only one fermion bilinear, e.g. ψ Since in gauge theories effective potentials are gauge dependent (except at their minimum [7] ), we adopt the Landau gauge, which does not run under renormalization group (RG). We will address the issue of gauge dependence in the next section. We assume that there is an hierarchy among the Yukawa coupling h and the gauge coupling e, i.e. h ≪ e. Calculating the graphs shown in Fig. 2 , we find that to leading order in an h/e expansion, the corresponding 1-loop effective potential term V By keeping terms linear in h only, the total 1-loop effective potential may be further simplified to:
From the above, we may easily calculate the tadpole conditions:
In addition to the standard solution with ψ α = 0 and w = 0, we also obtain the solution where fermion bilinears receive a non-zero VEV given by
with ψ α = 0 and
Notice that, in stark contrast to the NJL-type models, no new strong dynamics is needed here to obtain a non-zero VEV for the fermion bilinears ψ 2 andψ 2 .
We may now calculate the Higgs-boson mass M H about the new minimum as follows:
The requirement that the physical Higgs-boson mass be non-tachyonic, i.e. M 2 H > 0, may be translated into the constraint: v 2 > 0. This is also sufficient for the vacuum solution to represent a local minimum of the effective potential. As before, we find that to leading order in h/e, the value of the effective potential is given by (2.14) . Unlike the ungauged model, its gauged version, the Abelian Higgs model with fermion condensates, can be formulated with perturbative couplings smaller than ∼ 1, provided
Most interestingly, SSB of the U(1) Q gauge symmetry can be triggered for m 2 > 0, if 128 π 2 h 2 /(3 e 2 ) > λ. This is a distinct feature of our model with fermion condensates.
Further phenomenological implications of the model will be discussed in Section 4.
Gauge Independence of the Vacuum Energy
Within the framework of gauge theories, the effective potential generally depends on the gauge-fixing parameter (GFP) ξ. However, the minimum of the effective potential V eff , the so-called vacuum energy density, is independent of ξ. The proof of this statement is based on the Nielsen identity (NI) [7] . Making use of the NI, we are able to show non-perturbatively that the vacuum energy V eff evaluated for a model with fermion condensates is GFP independent as well.
To quantize the theory, we need to add the gauge-fixing (GF) and Fadeev-Popov (FP) ghost terms [12] to the gauge-invariant Lagrangian (2.15). The GF and FP terms are given respectively by
where B is an auxiliary field,c is the scalar anti-ghost field, F is the gauge-fixing function, and η is a Grassmann constant (η 2 = 0) whose role will be explained below. In addition, s is the Becchi-Rouet-Stora (BRS) operator. When s is acting on the fields, it generates the so-called BRS transformations [13] :
2)
where c is the ghost field and Q ψ = (−ψ 1 , ψ 2 ).
There is some freedom in choosing the gauge-fixing function F . Different schemes have their own advantages and disadvantages. For instance, the conventional R ξ gauge,
with the renormalization condition σ = ξ, gives rise to a gauge-dependent shift to the VEV v, i.e. ∆v ξ , which cannot be absorbed into the Higgs wave-function renormalization constant Z
1/2
H . Specifically, the bare and renormalized VEV, v and v R , are related by v = Z 1/2 H (v + ∆v ξ ). On the other hand, the Feynman rules obtained in R ξ gauges are relatively simple for loop calculations. More details may be found in [14] .
The complete Lagrangian, including L GF and L FP , becomes invariant under the BRS transformation (3.2), provided we let ξ transform as well [15] , viz.
As we will see below, the BRS transformations (3.2) extended by (3.4) will enable us to find the explicit dependence of the effective potential on the GFP ξ.
In order to derive the NI, one may extend the method outlined in Section 4 of [14] to include the Weyl fermions ψ andψ. According to this method, the invariance of the effective action under the extended BRS transformations (3.2) and (3.4) gives rise to the NI [7, 14, 15] : 5) where the hat indicates the respective classical field and K ϕ is the source coupled to the BRS variation s ϕ of the field ϕ, with ϕ = {A µ , H, G, ψ,ψ, c,c, B}.
Notice that the NI (3.5) is a non-perturbative expression and dictates the explicit gauge dependence of the effective action Γ to all orders in perturbation theory. The effective potential V eff may be determined from Γ in the limit ∂ µ ϕ → 0, i.e. for constant background fields. In this limit, one has 
the ghost charge for their BRS sources is determined by the relation Q FP (K ϕ ) = −Q FP (ϕ)− 1, where ϕ denotes a generic field. The FP charges provide useful information to carry out the derivative ∂ η on the RHS of the NI (3.5). Suppressing the symbol hat acting on the fields, the NI for the effective potential V eff is given by
Upon integration by parts, the first term on the RHS of (3.7) is proportional to ∂ µ (δV eff /δA µ ) and vanishes, as long as δV eff /δA µ is an infra-red (IR) safe quantity. The second term proportional to B does not contribute to the vacuum energy V eff either, provided gauges that satisfy the constraint B = F = 0 are considered, such as the R ξ gauge. Likewise, the fourth term in (3.7) is zero in the R ξ gauge (3.3) [14] . The remaining terms that depend on δV eff /δH, δV eff /δψ and δV eff /δψ vanish, only after one imposes the tadpole conditions for the ground state of the theory [cf. (2.11) and (2.12)].
The NI (3.7) provides information only about the explicit gauge dependence of the effective potential. However, the classical field, generically denoted above as ϕ, may also depend on the GFP ξ. Hence, V eff may implicitly depend on ξ, through the classical fields ϕ. This implicit gauge dependence, however, cancels, once the tadpole conditions δV eff /δ ϕ = 0 for all fields ϕ are considered. In this way, one can prove non-perturbatively that 8) namely that the vacuum energy V eff is a gauge-independent quantity, as it should be the case for an observable. Notice that our proof has not been obstructed by the fact that fermion bilinears, such as ψ 2 andψ 2 , can have a non-zero VEV.
We conclude this section by making two remarks pertinent to renormalization and gauge independence of the S-matrix in the Abelian Higgs model with fermion condensates.
Since fermion condensates only modify the model in the IR limit, renormalization, which is related to the UV behaviour of the theory, will be very similar to the conventional case. One convenient renormalization scheme would be to determine all kinematic parameters occurring in the symmetric phase of the theory in DR, before imposing the tadpole conditions (2.11) and (2.12), such as e, h, m 2 , λ, ξ and σ, as well as the wave-functions Z 1/2
etc. The tadpole conditions can then be used to determine the VEVs v and w and their counterterms through the relations:
In this last step, we assume that both ∆v ξ and ∆w ξ are chosen such that the ξ dependence in the tadpole parameters T H and T α ψ is cancelled. The actual values of v and w may be determined by their relation to physical observables, such as the Higgs-and gauge-boson masses [16] .
Finally, an equally important issue is the gauge independence of physical quantities, and especially the ξ-independence of the S-matrix. Although a proof of the latter lies beyond the scope of this paper, we may conjecture that the resulting S-matrix theory will be GFP independent, if appropriately renormalized such that the vacuum energy is gauge independent as well. Our conjecture relies on the fact that there are no field-theoretic obstructions in using the NIs, as well as the known Slavnov-Taylor [17] identities that govern the gauge dependence of off-shell Green functions. Moreover, within perturbation theory, our results are expected not to suffer from Fierz ambiguities as is the case for the mean-field approximation of the NJL-type models [6] . The S-matrix elements will also respect Lorentz invariance. The reason is that possible Lorentz-violating terms linear in ψ orψ will vanish, when considering the ground-state constraint: ψ = ψ = 0. An extensive discussion of the above issues will be presented in [16] .
Phenomenological Implications
The Abelian Higgs model with fermion condensates has a number of phenomenological features that are distinct with respect to the conventional scenario where ψ 2 = 0. As was already observed in Section 2, one of the novel features of the model under study is that SSB can still occur for positive values of the bilinear scalar mass parameter m 2 . Hence one may have a different mechanism for electroweak symmetry breaking in the SM and its minimal supersymmetric extension, the so-called Minimal Supersymmetric Standard Model (MSSM).
It is now interesting to analyze the mass spectrum of the Abelian Higgs model with non-zero ψ 2 . Decomposing linearly the fermion field ψ in the background field ψ and its 
where the dots indicate higher powers of Higgs interactions. Notice that there is no mass term for the Weyl fermion ψ after SSB, even though the Higgs-boson couples to ψ. As a consequence, the Higgs boson may decay into strictly massless fermions with significant rate.
Our next non-trivial task is to compute the mass of the gauge boson A µ , including the contribution from the fermion condensates. This means that we need to consider the one-particle-irreducible (1PI) graphs shown in Fig. 3 . In this way, we obtain in the Landau gauge the 1-loop corrected effective Lagrangian
Assuming the hierarchy of couplings h ≪ e, the gauge-boson mass derived from (4.2) is given by
In deriving the last equation of (4.3), we used the relation (2.20). Evidently, the fact that the gauge-boson mass needs be positive, i.e. M A > 0, provides another important constraint for the validity of the theory, besides the perturbative constraint (2.23). Finally, the massexactly as is the case for the neutral component of the SM Higgs doublet that breaks the gauge symmetry. Moreover, the coupling of those fermions to the SM Higgs field must be much weaker than their corresponding gauge coupling, so as to give rise to a perturbative solution to fermion condensates. The above two requirements single out the observed light neutrinos, which have small Yukawa couplings h ν , but their interaction with the Z boson is comparatively very strong, such that the condition (2.23) can be naturally satisfied. Evidently, the VEV of the light-neutrino condensates will depend on the actual value or values of h ν and is therefore model dependent. We hope to be able to report progress on this matter in the near future.
Conclusions
We have shown that the Abelian Higgs model contains non-trivial vacuum solutions in addition to the standard one, which arise from fermion condensates. These solutions can give rise to a perturbative field theory, provided a certain hierarchy among the Yukawa and gauge couplings is assumed [cf. (2.23)]. Since fermion condensation alters the IR limit of the theory only, without affecting its UV behaviour, the model is renormalizable as well. Our discussion here has been confined to the possible condensation of fermion bilinears in an Abelian model. However, similar non-trivial IR effects may also exist for non-Abelian gauge fields [19] .
Although we have not addressed the issue of the gauge independence of the resulting S-matrix theory, we have, however, presented a non-perturbative proof based on the Nielsen identity, showing that the vacuum energy does not depend on the choice of the gauge. As was discussed in Section 3, S-matrix elements are expected to be gauge independent as well, if appropriately renormalized, such that the vacuum energy itself is gauge independent. More details on this will be given elsewhere [16] .
Fermion condensates drastically change the phenomenology of the Abelian Higgs model as well. We have seen that SSB can take place, even if the bilinear scalar mass parameter m 2 is positive. However, the resulting ground state lies higher than conventional symmetric solution with vanishing VEVs, i.e. v = w = 0. If m 2 < 0, we find that the new ground state with w = 0 becomes (up to possibly small higher order terms in h/e) degenerate to the one with w = 0. Since w can be much larger than v lying above the TeV scale, the tunnelling rate from the symmetric vacuum with w = 0 to the broken one with w = 0 is expected to be extremely suppressed and much higher than the age of the Universe. A realistic realization of fermion condensates within the SM may be provided by the observed light neutrinos, which appear to satisfy all conditions for a perturbatively stable and phenomenologically acceptable solution.
The Abelian Higgs model with fermion condensates has a number of phenomenological implications that are distinct with respect to the conventional scenario. Most interestingly, there is a kind of screening effect after SSB that renders the fermions massless. However, the Higgs boson can still decay into these strictly massless fermions. This property may not persist, if there are additional fermions in the theory that could also form condensates. Moreover, the mass ratio M We should stress, finally, that our approach to fermion condensates is both technically and conceptually different from the one proposed by the NJL. In the NJL model, the VEV of the fermion condensate is phenomenologically inferred from the solution to a mass gap equation of the fermion self-energy, in close analogy to the superconductivity. Here, instead, the VEV of the fermion bilinears has been calculated from first principles, by extending the Coleman-Weinberg formalism and studying the extremum or tadpole conditions on the 1-loop effective potential. Within the framework of quantum field theory, our study has shown that a landscape of calculable vacua may exist in the SM. It is therefore not only of high interest to us to simply discover the SM Higgs boson at the LHC, but also unravel the nature of the ground state of the theory about which the Higgs phenomenon is realized.
